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Abstract 

> 

In this paper,we give the explicit formulae of vertex operators of U g (Bi) for level-one 
as operators on the Fock space. Meanwhile, we point out that the free field realization 
^ . (by one fermionic field and I bosonic fields) of highest weight module with highest weight 

A; has two irreducible modules. 

m 

On 

■ 1 Introduction 

One of the central subjects of mathematical physics has been the studies on exactly 
solvable models in two dimensions for many years. The central problem is eigenstate and 
. ^ | correlation functions (form-factors) in exactly solvable models. In [J7J a new scheme was 
given for solving the six-vertex model and associated XXZ chain in the antiferromagnetic 
regime using the newly discovered quantum affine symmetry of the system. The approach 



of that paper has been extended to higher spin-chains || || [[10] fllf,to the higher rank 



case 11 [|T^] and to the ABF models fl4]| . The analogous approach in integrable massive 



field theory also has been developed by Lukyanov |[15|| . All of these papers are concerned 
with models constructed on the quantum affine algebra U q (A{). The key object in this 
approach is vertex operators which have first been introduced by Frenkel and Reshetikhin 
0. In order to extend that scheme to the models with symmetry of U q (Bi), we construct 
the q- vertex operators related to U q {B{) in this paper. The physical application will be 
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developed else where. In section 2, we briefly recall the free field realization of U q {B{). In 
section 3, we deduce the vertex operators. 

2 Free Field Realization of U q {B{) 

In this section we briefly recall the free field realization of U q (B{) || 
2.1 Definition of U q {Bi). 

First, fix some notations we will use. Let P = ZA © ZA 1 © • • • © ZA t © Z5 be the 

^ i 

weight lattice of U q (B{) and let a, = %jAj + 5^0(5 (i = 0, 1, •••,/) be simple roots. So 

we have 5 = «o + «i + 2(a 2 + ••• + «;) and Q = Za © Z«i © • • • © Za; being its root 
lattice. The symmetric bilinear form (,) on P is defined by 

(A ,A l )=0 i = 0,l,...,Z, (Ao,«y) = l 

(Aj,aj) = dj^j 

we can get 

(Ai,£) = 1, (M) = 0, (A^) = l 

(Aj, Aj) = ^(TP 1 )^- l<i,j<Z, (A,,5) = 2 Ki<! 

(Aj, 5) = 2 1 < i < I, (a i; a,-) = aUii 

where ^4 = (oy)ij=o ^ s the Cartan matrix of U q (B{) and A is the matrix of A removed by 
first line and first column. 
For U q (B 2 ), 



and for U q {B{) (I > 3), 
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Define the dual space of P as P* = Z/i © Z/ii © • • • © Z/ij © Z<2. The dual pairing (, ) is 
defined by 

(hi,X) := d-\a h \) XeP 
(d,A):=(Ao,A) AgP 
Later we will use the weight lattice and the root lattice of U q (B{). The weight lattice 



P = ZAi©ZA 2 



ZAz, Aj = Aj — a^A . where Oq = a\ 



v - a/ 



l,a 2 v 



The root lattice of U q (Bi) is Q = Zai © Za 2 © • • • © Z«j . In this article ,we assume 
— 1 < q < 0. and use the following standard notations: 



1 



cu = 



(q* +q 2) 



ft = 9 



di 
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m 



ft - qr 1 

[1]«[2]« 



m ez 
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and when = 5, we omit the index. Quantum affine algebra U q (Bi) is an associative 
algebra over C with unity generated by eiji ,qf hx (i = 0, 1, 2, • • • , I) and q ±d . U'(Bi) is 
the subalgebra of U q (Bi) generated by {qf h \ e i: fi | < % < I}. The defining relations are 
as follows (\/h,h' e P*): 

q h q h> = q h+h^ q o = l 



q h m h 
q h f,q- h ~- 
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The algebra U q {B{) has a Hopf algebra structure with the following coproduct A : U q {B{) — > 
U q {B{) ® U q (Bi) 

A(ei) = e t <g> 1 + gf ! <g> e i; A(/<) = U ® gf** + 1 ® /< 

A(q h ) = q h ®q h , h G P* 

As above this algebra is defined through Chevalley generators. 
2.2 Drinfeld realization 

For free field realization, U q (B{) defined by Chevalley generators is not convenient. Drinfeld 
has given another realization in 1988 ||.The new realization is an associative algebra gen- 
erated by the elements {xf (n), aj(m), 7 ± 2 , q^ | 1 < i < l,m G Z\{0},n G Z} satifying 
the follow relations: 



7 1 * 1 2 is the center of the algebra. 



I ~n _ -n 

[(^(n),aj{m)) = 5 n+mfi -[na i:j ] qi — — — - 

n qj qj 

qi i x ± j(n)q^ hi = qi ±aij x ^ (n) 
[ai(n),Xj (m)\ = ±—[na i j\ q /y T ~Xj{n + m) 
x i ± (n + l)a; : , ± (m) - gi ±a " £^(7^)0^(71 + 1) = g i ±ai % i ± (ra);r 7 - ± (m+ 1) - x j ± (m+ l)x i ± (ra) 
[ Xi +{nlxf{m)) = 8 Kj 1 2 + yr(n + m) 



E E(-i) fe 

Trey fc=o 



P 

k 



X i ( r 7r(l)) ' ' ' X i ( r n(k)) X j ( S ) X i ( r 7r(fc+l)) ' ' ' X j ( r n(p)) ~ 



-J <?i 



if i 7^ j, for sequences of integers r 1; - • •, r p . where p = 1 — a^-, X) P is the symmetric group 
on jo letters, and the v 9 i ± ( r ) are determined by equating powers of u in the formal power 
series 

oo oo 

^Pi ± (r)u Tr = qt h 'exp(±( qi - qr 1 ) E ai{±n)u* n ) 

r=0 n=l 

Define maps w^: U q (g) — > U q (g) by 

w^a = x i ± (0)a - qf^aqf^x^^) 
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then, the isomorphism between the two realization is 

g Ao =7g -Ai-2h 9 --2fc ! -i-ft Jj e i = x l + (0), fi = Xi -{0), for £ = 1, 2, - - - , Z 

e = W - 2 w- 3 ■ ■ ■ w~iw'i ■ ■ ■ w~ 2 Xr(l)q ho T 1 = e^q 110 ^ 1 
fo = q 2l - 3 co 2 q- h0 1 w + 2 w + 3 ■ ■■w + l w + l ■ ■■w + 2 X 1 + (-l) = q~ h ^ 

2.3 Central Extension of Weight Lattice 

It is well known that it is enough to consider only the central extension of root lattice 
Q to construct the representation of U q (B{). But, for the construction of the vertex 
operators it is necessary to define the central extention of weight lattice P. 

Define the group algebra C\P] generated by the symbols {e Xl ,e ai , e a2 ,- ■ ■,e ai ~ 1 } and 
satisfying the following relations: 

e a * e a j = (_i)(oi.«j) e «j e «i 1 < ij < i - i 

e Q ° e Al = (-l) s ^e Xl e ai 1 < i < I - 1 

For a = m \i+miai + m 2 a 2 + - ■ • + m;_ic^_i,we denote e a = e m oAi e miai e m 2 a 2 . . . e m i-i«i-i 
So a simple calculation shows 

e <*i e a i = {-\)^ a i) e ^e ai 1 < i,j < I 



2.4 Level One Module 

Bernard @] has given the free field realization of level one module by using one 
fermionic field and / bosonic fields. Here,we reconstruct the three level one module and 
point out a fact having been overlooked. 
Let 

Hi := C[ aj (-m),ty(-k)(l < j < I, m G Z> , k G Z> + -)] ® C[Q]e A ' 
for i — 0, 1, in J\fS cases. 

Hi := C[aj(—m), ty(—k)(l < j < l,m G Z> , A; G Z> )] ® C[Q]e Al 

in 7?. cases. 

We define the operators a^k) (1 < i < /), ^(fc), <9 aj j e "S d on ifj (z = 0, 1, t) as follows: 
for f®eP = a il (-n 1 )---a ik (-n k )y(-k 1 )---V(-k n )®eP G 

(V\f**P-S Oj'O)/®^ (fc<0) 
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^{k)f® e P (fc<0) 
{$(k),f} <g> e 13 (k>0) 



^./®e /3 = (a l ,/3)/®e /3 
d.f <g> e p = (- 2^ - - -) — + — )/ <g> 



z=i z=i 



Let 



We define the action of U q {B{): 



± 



di(-k) 



Cli(k) 



fc=i 

oo 



where 



/c^l L J /c' = 1 L J 



with n G Z + |(or n E Z) in the J\fS (or 72.) cases,respectively, and 

{m{n)^{m)} = {q n + q- n )5 n+mfi 

1 r , g n — g~ n 



Define 



for MS cases. 



[aj(n),aj(m)] = 5 n+mi0 -[na ii ]g i , 

n qj qj 

[oi(n),*(m)] =0 



2 ]T<9 Ai + 7V F 

G= (-1) i=l 

2^9 Ai + iV F -2^(A l ,A i ) 

G = (-1) i=l i=l 
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for 7Z cases, where N F denotes the fermion's number operator. We easily find G com- 
mutes with all the elements of U q (B{). Through the eigenvales of G,we can divide Fock 
space into irreducible ones. Four irreducible U q {Bi) -modules V(Ao),V(Ai), V(Aj),V(A/) 
whose highest weight vectors are 1 <g> e A °,l <g> e Al ,l <g> e Al , ^(0) <8> e A ', respectively. The first 
two modules are in AfS cases and the others are in 1Z cases. We have not seen that the 
reducibility in 1Z cases has been discussed before. 

3. Vertex Operators 

Let us review the definition and some properties of the vertex operators. 

3.1 Finite dimensional U' q {B{) module 

Let V be a finite dimensional L^(I?/)-module with basis {v m | 1 < m < 21 + 1}, and 
the representation of e^, ji, hi is as follows: 

= ji = E iji+1 + E 2i _ i+1;2 i_ i+2 , i ^ 0,1 

e i = ji = u ^(Eij+i + Ei + ij +2 ) 
Co = /o* = E 2 i : i + E 2i+lj2 

hi = E iti — E i+ i ji+ i + £?2J-i+l,2/-i+l — ^2Z-i+2,2Z-i+2j i ^ 0,1 

ho = — E\ t i — E 2j2 + E 2 i :2 i + £^2i+i,2i+i 
^ — 2Eij — 2Ei +2 j +2 
Define the [/^-module structure on V z as follows. 

ei(v m <g> z n ) = eiV m <g> z n+<5< -°, /i(u m <g> z n ) = <g> z^' 

We call V z the affinization of V as a U q (Bi) -module of level zero. 

3.2 Definition of q- Vertex Operators 
The intertwiners of U q (Bi)-modules 

*% V {z) : V(Ai) - V(Aj) ® V, 
are called type-I vertex operators. and the operators 

^{z):V{K i )^V z ®V{K j ) 
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are called type-II vertex operators. where ® is the tensor product with an appropriate 
completion. Denote the vertex operators as a formal series 



21+1 

*if w = E Kl 



z) ® v n 



m=l 
21+1 



m=l 
rteZ 

= E 

neZ 



There exist four type-I (respectively type-II) vertex operators [|J |~3 







: V^(Ao) - 


- V^(Ai) 




$AoV ( 






- V^(Ao) 






{*) 


: ^(A,) - 










: nA,o - 


-> V(A,) C 





We can impose the nomalization condition. 

ty^ v (z).(l (g> e A() ) = (1 (g> e Al ) ® f2i+i+(terms of positive powers in z) 
^f^{z).{l ® e Al ) = (1 ® e A °) (g) Wi+(terms of positive powers in z) 
^'^(^.(l (8> e A ') = (^(O) ® e A ') ® w/ + i+(terms of positive powers in z) 
^/^ l , v (z).(^/(0) ® e A; ) = (1 <8> e A ') ® w/ + i+(terms of positive powers in z) 

Later we will find the formulae of (z) and tyfy v (z) identical.So we will denote them 
as 9% v (z). 

3.3 Vertex Operator of Type-I 

From the intertwining relation (we only need to describe the type-I vertex operator. the 
type-II is quite parallel). 

then we can get the commutation relations between the type-I vertex operator with 
Chevalley generators. Here we write the relations partially. 
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fe,*££+i(*)]=0, < = l,---,i 
M£&i(*)]=0, ^ 
fe,*£$-i+i(*)]=0, ^/ 



[ei, = 0, ^(z)] = 0, ^t^^ = <$£,+ 2 < 

Define operators P ± i 

P± iX = [x ± i (0),x]q" Fhi 

we have 

ft -ft -1 
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Using them, we get 

P+ 2 P+3 • ■ ■ P + iP + i ■ ■ ■ P + 3 P + 2 e' = {q^ + q-^ fx-^l) 
and the consistent identity 

Commuting above identity with (w) ,we get 



= *^H+i(*)0i"(«O r *) - 0i"(«>7"*)*a^2j+i (*) 

where <pf{w) = q Thi (ff(w). The above two formulae hold to any powers of w.Thus we 
obtain 



where n > 0. Meanwhile from the intertwining relation, we also get 

fe,*£$+i(*)]=0, ^0 

[/i.*5;ifiW] = o. ^! 

Commuting the above two identities with ai(±n).We can easily prove 
So we obtain 

Then repeat above procedures replacing ai(±n) by a 2 (±n), and so on,we get 

[<H,*££ + i(*)] = o 
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[*rM,*^+i(*)] = o> 

We can conclude that 

[o i (±n) J *^S+iW]=0. ^! 

Put 



ai 

we get 



•ftt - T m-^)k]-[(l-n-l)k]) [k] 



[a l (k),a 1 *(-k)] = sj^, k>0 

[< k (-k),a 1 *{k)] = -S i M, k<0 

k 

From the following relations: 

[*H,*t;S + iW] = o 

[a t (±n)^ A Cj l+1 (z)]=0, i^l 

[<H,*^ + iW] = o 

we obtain the type-I vertex operators 

00 00 
= o;- i exp[^(g 2i+ ^a;)"a 1 *(-n)]exp[- £(g 2 H^)- V ( n )] e ^^) 9Al 

n=l n=l 



n G Z >0 

">0 
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where i — 0, 1 

oo oo 

*a£+i( z ) = o;-^exp[^(g 2 ' + ^o;)"a 1 *(-n)]exp[- ^(? 2 '"^^)" n ai*(n)]e Al (g 2 ^a;)^i(-l) 2 ^ 

n=l n=l 

where we have used the nomalization condition for i — 0,1,1. 
3.4 Vertex Operator of Type-II 

For the Vertex Operator of type-II,the analogous commutation relations can be got. 
We have 

[o i (±n),$^i 1 (z)]=0 J i*l 
So we can get the type-II vertex operators 

oo oo 

^"'(z) = (wg 2 '- 1 )'- 1 ^- ^( ? ^o;) n a 1 *(-n)]exp[^( ? -5^)-™ ai *( n )] e -^(^)-^ 1 +^_ 1 )29 Ai 

n=l n=l 

where i = 0, 1 

oo oo 

$l$(z) = ^-^(-g)-'exp[-^(g^cc;) n a 1 *(-n)]exp[^(^^cj)- n a 1 *(n)]e- Al (2a;)-^i(-l) 2 ^ 
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C%W = - ge^™y (*)) 

3.5 Dual Vertex Operators 

Define the intertwiners of the form 

&iiv(z) : V(A 3 ) ®V Z ^ V(M) 

K\^)--V z ®V(A 1 )^V(A l ) 
They are called dual vertex operators. Define their components by 

We impose the normalization 

(Ai | **Zvi(z) I A > = 1, (Ai | $Va„i(^) I A ) = 
(Ao I **Zvx+i( z ) I Ai) = 1, (A | &v Al 2i+i(z) I A x ) 



(*) 1 Ao) = 


1, 


(Ax 


(*) 1 Ai) = 


1, 


(A 


.(*) 1 A/) = 


1, 


(a; 


7| p79, we g 


;et 





KviW = (-l) l ^i + x(<l- 2l+1 z) 
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$V 2 a+l-n(*) = e n $ *A CT2 2i+2-n(^) " 9 W < I 

^/W = ^ 2 (e^*A CT2 ii(^) " $ *A CT2 m(^) e O 
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